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S u m m a r y .  P roceed ing  f rom the formal  genotype x e n v i r o n m e n t - t o - p h e n o t y p e  functional  r e l a t ionsh ip ,  a few c o m -  
mon concepts  e s s e n t i a l l y  based  upon this  r e l a t i onsh ip  have been rev iewed  and redef ined .  P a r t i c u l a r  a t t en t ionwas  
g iven to fo rming  unambiguous  r e p r e s e n t a t i o n s .  In s u m m a r y ,  these  concepts  were :  the r eac t i on  no rm and pheno-  
typic range  of a genotype,  the genet ic  cont ro l  of t r a i t s ,  the genera l  r e p r e s e n t a t i o n  of genotypic and e n v i r o n m e n -  
tal con t r ibu t ions  to a phenotype and the r e l a t e d  p rob lem of genotype x e nv i r onme n t  i n t e r ac t ion ,  the f i tness  func-  
t ion,  s e l ec t i ve  neu t r a l i t y  and s u p e r i o r i t y .  The ro le  of joint  f requency  d i s t r i bu t ions  of genotypes and e n v i r o n m e n -  
tal s i tua t ions  for  detect ing and desc r ib ing  c e r t a i n  p r o p e r t i e s  of the under ly ing  genotype x e n v i r o n m e n t - t o - p h e n o -  
type funct ional  r e l a t i onsh ip  has been  d e m o n s t r a t e d  by me a ns  of models  for  genotype x e n v i r o n m e n t  i n t e r ac t i on  
and the f i tness  funct ion.  

In t roduct ion  

P r e s u m a b l y  the most  bas ic  and widely accepted  con-  

cept unde r ly ing  the m a j o r i t y  of t heo r i e s ,  e x p e r i m e n -  

tal p e r s p e c t i v e s  and i n t e r p r e t a t i o n s  in  the f ie lds  of 

popula t ion- ,  eco log ica l -  and b iome t r i c a l  gene t ics  is  

the idea that the phenotype of an individual  is  c o m p l e -  

te ly  and uniquely  d e t e r m i n e d  by i t s  genotype and the 

tota l i ty  of all env i ronmen ta l  fo rces  (biot ic  o r  abiot ic)  

affecting this  individual  dur ing  i ts  whole l i fe  span .  

Consequent ly ,  one of the m a i n  ob jec t ives  in  e x p e r i -  

menta l  gene t ics  is  to detect  the funct ional  r e l a t i o n -  

sh ips  between genotype combined  with e n v i r o n m e n t ,  

on the one hand,  and phenotype on the o the r  hand.  

Conve r se ly ,  the theore t ica l  populat ion gene t i c i s t ,  for  

example ,  has to make a s sumpt ions  about this  func-  

t ional  r e l a t i onsh ip ;  for i n s t ance  he mus t  speci fy  his 

model .  Both the detec t ion and appl ica t ion  of such func-  

t ional  r e l a t i onsh ip s  involve  inves t iga t ing  populat ions  

or ,  m o r e  g e n e r a l l y ,  se t s  of biological  o r g a n i s m s ,  

which n e c e s s a r i l y  a r e  subjec t  to some  d i s t r ibu t iona l  

pa t t e rn  with r e spec t  to the ava i lab le  e n v i r o n m e n t .  

Thus, what has to be taken  into account  when ana ly -  

s ing or  p red ic t ing  a phenotypic d i s t r ibu t ion  of a popu- 

la t ion  is  the fact that this  d i s t r ibu t ion  c o m p r i s e s  the 

joint  effects  of d i s t r ibu t iona l  pa t t e rns  of genotypes 

over  e n v i r o n m e n t s ,  and the funct ional  r e l a t i onsh ip .  

In view of th is ,  conc lus ions  based  upon r e s u l t s  f rom 

speci f ic  populat ion biological  o r  b reed ing  e x p e r i m e n t s ,  

in mos t  c a s e s ,  allow only for  e x t r e m e l y  caut ious  gen -  

e r a l i z a t i o n  beyond the p a r t i c u l a r  s i tua t ion  which has 

been inves t iga ted .  

During the las t  s ix y e a r s  or  so, this  point has been 

the subjec t  of thorough a r gume n t .  S t imula ted  by J e n -  

s e n ' s  paper  "How much can  we boost I .Q .  and scho-  

l a s t i c  ach ievemen t?"  ( J e n s e n  1969), Lewontin (1970) 

wrote  an in t ense  a r t i c l e ,  in which he t r i e d  to prove  

that J e n s e n ' s  conc lus ions  a re  e r r o n e o u s ,  s ince  they 

did not suf f ic ien t ly  account for  the fact that " h e r i t a b i l -  

ity is not a concept  that can  be applied to a t r a i t  in 

gene ra l ,  but only to a t r a i t  in  a p a r t i c u l a r  populat ion,  

in a p a r t i c u l a r  set  of e n v i r o n m e n t s " .  In a more  gen-  

e ra i  context ,  the s a m e  author  (Lewontin 1974) t ack-  

led this  p rob lem as one of ana lys i s  of the c a u s e s  of 

va r i a t i on  and - f rom the s tandpoint  of a human  gen-  

e t ic i s t  - a r r i v e d  at the conc lus ion  that the most  f r e -  

quent ly  appl ied tool in biological  et iology,  the ana ly -  

s i s  of v a r i a n c e ,  " is  not a tool for  the e luc ida t ion  of 

functional  biological  r e l a t i o n s " ,  as it i s  f requent ly  

c o n s i d e r e d  to be. The negat ive  consequences  of such 

mi sconcep t ions  for i n t e r p r e t i n g  the s ign i f i cance  of 

he r i t ab i l i t y  induced F e l d m a n  and Lewontin (1975) to 

s ta te  that "the s imp le  e s t ima te  of he r i t ab i l i t y "  . . .  

" is  nea r ly  equivalent  to no i n fo rma t ion  at all for  any 

s e r i ous  p rob lem in  human  gene t i c s " .  

The impact  of the genotype x e n v i r o n m e n t - t o -  

phenotype funct ional  r e l a t i onsh ip  on the s e l ec t i on  

theory  of biological  evolut ion has been out l ined  by 

Waddington (1974) and has been d e m o n s t r a t e d  in 

m o r e  detail  by C a v a l l i - S f o r z a  ( 1974),  who i n t e r p r e t e d  
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the r o l e  of phenotypic p las t i c i ty  of genotypes  in e v o -  

lu t ion.  

The author  of the p r e sen t  paper  be l i eves  that a 

c o n s i d e r a b l e  por t ion  of t he se  w e l l - j u s t i f i e d  c r i t i c i s m s  

would have been u n n e c e s s a r y ,  and mode l l ing  of popu- 

l a t i on - ,  e c o l o g i c a l -  and b i o m e t r i c a l  gene t ic  ideas  

and f indings could  have  been  c a r r i e d  out much m o r e  

e f fec t ive ly  in the s ense  of r e v e a l i n g  t he i r  t rue  b io lo -  

gical  r e l e v a n c e ,  if t h e r e  w e r e  genera l  a g r e e m e n t  

about an unambiguous  and as c o m p r e h e n s i v e  as pos -  

s ib le  f o r m a l i z a t i o n  of the genotype • e n v i r o n m e n t - t o -  

phenotype functional  r e l a t i o n s h i p  and i t s  i n t eg ra t i on  

into populat ion b io logica l  s tud ies .  Such a f o r r n a l i z a -  

t ion could  be e x t r e m e l y  helpful in redef in ing  s t anda rd  

concep t s ,  such as " n o r m  of r e a c t i o n " ,  "add i t iv i ty"  of 

gene t ic  and env i ronmen ta l  e f fec t s  and t he i r  " i n t e r a c -  

t i ons " ,  e t c . ,  in m a t h e m a t i c a l l y  p r e c i s e  t e r m s ,  which 

at the s a m e  t i m e  would e luc ida te  t he i r  r e a l  s ign i f i -  

cance .  

It should be mentioned that there already exist 

several attempts in this direction, for instance within 

two of the above cited papers (Waddington 1974; Feld- 

man and Lewontin 1975), but unfortunately they are not 

argued to a sufficient extent. The following statements 

pursue this object, without claiming completeness but 

rather with the hope of initiating further discussion. 

The concept 

In o r d e r  to make  the genotype • e n v i r o n m e n t - t o - p h e n o -  

type r e l a t i onsh ip  a functional  one ( in  the m a t h e m a t i c a l  

s e n s e ) ,  it is  n e c e s s a r y  to define what is  unde r s tood  

by the uni ts  making up an env i ronmen t .  Such a unit is  

denoted as an " e n v i r o n m e n t a l  s i tua t ion"  and def ined 

with r e f e r e n c e  to an individual  as the c o m p l e t e l y  o r -  

d e r e d  se t  ( the o r d e r  being induced by the t i m e  s c a l e  

u sed  for  m e a s u r i n g  i nd iv idua l s '  ages)  of all ex t e rna l  

f o r c e s  which a r e  t h e o r e t i c a l l y  o r  ac tua l ly  invo lved  in 

the phenotypic  r e a l i z a t i o n  of th is  i n d i v i d u a l ' s  gene t ic  

i n fo rma t ion  o v e r  i t s  e n t i r e  p e r i o d  of e x i s t e n c e .  Con-  

sequent ly ,  t he se  f o r c e s  a r e  a l lowed to be of abiot ic  

as  well  as of biot ic  na tu re ,  as  long as t h e y t h e m s e l v e s  

a r e  not par t  of the i nd iv idua l ' s  gene t ic  i n fo rma t ion .  

F o r  e x a m p l e ,  an individual  might  be a f fec ted  dur ing 

i ts  l i f e t i m e  by the p r e s e n c e  of spec ia l  c o m p e t i t o r s ,  

temperature, nutrient concentration in the soil, ma- 

ting partners, etc. 

The idea now is to assignto eachpair (g,u), where 

g is a genotype (with respect to all gene loci) and u 

is an environmental situation, in a unique manner a 

value (phenotype) of a trait under consideration. This 

process of assignment describes a function ~, called 

the "trait function" or simply "trait", whose range 

R(~0) is given by the set of values ~(g,u), g and u 

varying over a set of genotypes G and aset of environ- 

mental situations U under consideration. G and U are 

referred to as "genotypic state space" and "environ- 

mental state space" or "environment", respectively. 

If lq(~0) is a subset of some "phenotypic state 

space" F, we may write 

~:G • 

In the fol lowing,  R ( . . .  ) will  a lways denote the 

r ange  of a funct ion (mapp ing ) .  

q0 r e f l e c t s  the r ea l  b io logica l  i n t e r r e l a t i o n s h i p s  

be tween  gene t ic  i n f o r m a t i o n  and ex te rna l  f o r c e s  which 

r e s u l t  in the c r e a t i o n  of a phenotype.  

To account for  the p r a c t i c a l  n e c e s s i t y  of i n v e s t i g a -  

t ing popula t ions  of genotypes  ( r e g a r d e d  as subse t s  of 

G) which a r e  d i s t r i bu t ed  o v e r  an e n v i r o n m e n t  ( r e -  

garded as a subset of U) when trying to reveal the 

structure of a trait function ~, we include in our con- 

siderations a probability measure P(...) over G • U 

(assuming specification of appropriate a-algebras 

over G and U). Thus the resulting marginal distribu- 

tion for G is simply the genotypic frequency distribu- 

tion, i.e. the genetic structure of the population, while 

the marginal distribution for U is the frequency distri- 

bution of the environmental situations. Furthermore, 

the probability measure over F (again assuming that 

a ~-algebra over F is specified and that ~ is measur- 

able), which gives the phenotypic frequency distribu- 

tion for ~, can be written as P(~E ...), or P(~0 .... ). 

Clearly, changes in a naturally reproducing popu- 

lation can, for instance, be described by a sequence 

of probability measures P(... ) in time, leaving G, 

U, F and W unchanged. 

The implications of these few basic, conceptual 

statements for a meaningful redefinition of some fre- 

quently used concepts in biometrics/ and population 

genetics shall be demonstrated by means of several 

selected examples in the sequel. 
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The g e n o t y p e - t o - p h e n o t y p e  r e l a t i o n s h i p  (e f fec t  of the 

genotype)  

F r o m  the p r e c e d i n g  f o r m a l i z a t i o n ,  it can  be taken  at 

once  that the r e l a t i o n s h i p  ' g e n o t y p e - t o - p h e n o t y p e '  in 

gene ra l  need  not be unique,  but r a t h e r  depends on the 

t r a i t  r and the e n v i r o n m e n t  U under  c o n s i d e r a t i o n .  

T h e r e f o r e ,  the notion of ' geno typ ic  v a l u e '  in mos t  

c a s e s  is  m e a n i n g l e s s  - o r  at l ea s t  highly a r t i f i c i a l  - 

and has  to be r e p l a c e d  by a d i f fe ren t  concept  r e f l e c t i n g  

the mode acco rd ing  to which an env i ronmen t  U mod i -  

f ies  the t r a i t  va lues  for  ~ in conjunct ion  with a g iven  

genotype g;  th is  is  c o m m o n l y  known as the "no rm of 

r e a c t i o n "  of a genotype g, g iven  a t r a i t  ~ and an en-  

v i r o n m e n t  U. F o r m a l l y ,  the no rm of r e a c t i o n  thus de-  

f ined is the funct ion (mapping)  

~ ( g , . )  : U-*F ( ~ ( g , - )  a s s igns  to each  u E U 

the va lue  r  

e x a m p l e s  for  which can  be found in Lewontin (1974) 

and C a v a l l i - S f o r z a  (1974) .  In addi t ion we shal l  denote 

the r ange  of ~ ( g , ' )  - i . e .  R(~0(g , - ) )  = t ~ ( g , u ) [ u E U }  

- as the phenotypic  r ange  of the genotype g, g iven  a 

t r a i t  V and an e n v i r o n m e n t  U. 

Reca l l i ng  that it is  i m p o s s i b l e  to o b s e r v e  a geno-  

type ab ovo, but r a t h e r  only f r o m  i ts  phenotypic  ap-  

p e a r a n c e ,  the ques t ion  a r i s e s  as to how to d is t inguish  

be tween  d i f fe ren t  genotypes  on the bas i s  of an o b s e r -  

vab le  t r a i t  ~0. C l e a r l y ,  the h ighes t  d e g r e e  of i n f o r m a -  

t ion about a genotype that may be obta ined  under  t h e s e  

condi t ions  is  p rov ided  by the r e a c t i o n  no rm of th is  

genotype,  which sugges t s  t r e a t i n g  two genotypes  g l  

and g2 as "pheno typ ica l ly  equ iva len t "  if  t h e i r  r e a c -  

t ion n o r m s  co inc ide ,  i . e .  i f  

~ ( g l , u )  = ~ (g2 ,u )  fo r  all u E U. 

The s t a n d a r d  gene t ic  approach  to expla in ing such phen-  

otypic  e q u i v a l e n c e  is  based  upon mode l s  of dominance  

and e p i s t a s y .  

Yet ,  e x p e r i m e n t a l  condi t ions  which al low c o m p a -  

r i s o n s  of r e a c t i o n  n o r m s  a r e  ha rd ly  a t ta inable ,  s i nce  

it i s  not pos s ib l e  to subjec t  env i ronmen ta l  s i tua t ions  

to suf f i c ien t ly  p r e c i s e  con t ro l .  On the o the r  hand, 

t h e r e  a r e  oppor tun i t i e s  to spec i fy  phenotypic  r a n g e s  

of genotypes  (e .  g. by c lonal  p ropaga t ion  of f o r e s t  

t r e e s )  within accep tab le  l i m i t s  of p r e c i s i o n .  In th is  

c a s e ,  d i s t inc t ion  of genotypes  amounts  to v iewing  the 

i 

& 
Ii 
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m U 

Fig .  1. The no rm of r e a c t i o n  ~0(g, �9 ) of a genotype g 
with r e s p e c t  to a t r a i t  ~. R ( $ ( g ,  �9 ) )=phenotypic r ange  
of genotype g. Phenotypic  r a n g e s  ofg~ andg4 a r e i d e n -  
t i ca l ,  but r e a c t i o n  n o r m s  a r e  not.  Phenotypic  r a n g e s  
of g~ and g2 a r e  not 

d e g r e e  of  ove r l app ing  between the apper ta in ing  pheno-  

typic r a n g e s ,  namely  the i n t e r s e c t i o n  

R ( ~ ( g l , - ) )  N R ( q ~ ( g 2 , - ) ) .  

If this  i n t e r s e c t i o n  is  empty ,  any value  f r o m  t h e s e  two 

r a n g e s  can  unambiguous ly  be iden t i f i ed  as a phenotypic 

e x p r e s s i o n  of one of the two genotypes .  O the rwi se  t h e r e  

ex is t  m o r e  o r  l e s s  w i d e - s p r e a d  reg ions  of ambigu i ty ;  

at an e x t r e m e  both r a n g e s  a r e  iden t ica l ,  which c l e a r l y  

does not imply  that the r e a c t i o n  n o r m s  a r e ,  although 

the r e v e r s e  imp l i ca t ion  is  t r u e  (consul t  F i g .  i ) .  

The ques t ion  of d is t inguish ing  be tween  genotypes  

based  on r e a c t i o n  n o r m s  is d i r ec t l y  r e l a t e d  to the 

ques t ion  conce rn ing  which g e n e - l o c i  ac tua l ly  affect  

the r e a l i z a t i o n  of phenotypes ,  in the usual  s e n s e  that 

changes  in r e a c t i o n  norm can be exp la ined  e x c l u s i v e l y  

by changes  of genotypes  at t hese  loci  ( c a l l ed  " c o n -  

t r o l l i n g "  l o c i ) ,  not r e f e r r i n g  exp l i c i t ly  to b iochemica l  

a n d / o r  b iophysica l  causa l  r e l a t i o n s h i p s  be tween pheno-  

type and genotype.  On the o ther  hand, g iven  a se t  of 

g e n e - l o c i  at which fo r  the momen t  genotypes  a r e  held  

f ixed,  the r e m a i n i n g  loci  a r e  usua l ly  c a l l e d  " n e u t r a l "  

if changes  of genotypes  at t hese  loc i  do not affect  the 

r e a c t i o n  norm a n d i f t h i s  holds fo r  any combina t ion  of 
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genotypes in  the in i t i a l ly  given set  of loci .  It is  ev i -  

dent that t he r e  might exis t  d i f ferent  se t s  of con t ro l l ing  

loci  ( e . g .  the set  of all loci is  always con t ro l l i ng  if 

at l eas t  two r eac t i on  n o r m s  a re  d i f fe ren t ) .  

In o rde r  to de r ive  a p r e c i s e  fo rmula t ion  of these  

facts ,  we r e f e r  to the not ion of phenotypical ly  equ iva-  

lent  genotypes .  According  to this  concept ,  G can  be 

decomposed into a n u m b e r  n of mutua l ly  d is junct  sub -  

se t s  

G ~ (i  = 1 . . . . .  n ) ,  
1 

each of which con ta ins  all those genotypes which give 

r i s e  to the s a m e  r eac t i on  no rm (thus n is  the n u m b e r  

of different  r eac t ion  n o r m s ) .  Addi t ional ly ,  let  81 be 

a mapping defined on G, such that 

el(g) 

spec i f ies  the genotype at the 1-th gene - locus  for  some  

genotype g E G. Note that (if m is the n u m b e r  of gene-  

loci  cons ide red  within G) each g E G can  be conce ived  

of as - and thus ident i f ied with - a vec to r  

8 ( g ) : = ( e l ( g )  . . . . .  8 m ( g ) )  

which t he re fo re  is  an e l emen t  of the c a r t e s i a n  product  

m 

X R(81). 
1=1 

Using this  r e p r e s e n t a t i o n ,  G is  a par t  (not n e c e s s a r i l y  

all) of 

m 

XR(81). 
1=1 

F i n a l l y  let  8* be a subvec to r  of 8, that is  the compo-  

nents  of 8* a re  a co l l ec t ion  of those con ta ined  in  8, 

p r e s e r v i n g  the o r d e r  spec i f ied  in 8. 

Now, if 8* can be r e g a r d e d  as r e p r e s e n t i n g  a co l -  

l ec t ion  of con t ro l l ing  loci  and if 

e*(G~) := {e*(g)Ig e G~I, 

it is c l e a r  that two genotypes  gl  and g2 '  with d i f fe r -  

ent r e ac t i on  n o r m s ,  say gl  E G~ and g2 E G~ , always 

obey the relation 8*(g I) ~ 8"(g2); consequently the 

intersection 

8*(G~) n 8*(G~) is empty for all i / j  ( i , j = l  . . . . .  n). 

Conve r se ly ,  if some  co l lec t ion  of gene- loc i  8* has 

these  p r o p e r t i e s ,  it i s  ea s i ly  s een  f rom the verba l  

desc r ip t ion  that 8* is  con t ro l l ing .  Consequent ly  we 

may define the following: 

8* r e p r e s e n t s  a vec tor  of con t ro l l ing  loci  if, 

and only if, 

8*(G~) N 8*(G~) is  empty for all i ~ j  ( i , j = l  . . . . .  n ) .  

Obviously,  the only ca se  with no genet ic  cont ro l  at all 

is r e a l i z e d  for n = i ; i . e .  the re  ex is t s  one r eac t ion  

norm only.  

The formal  def ini t ion of a set  of neu t ra l  loci r e -  

qu i r e s  spec i f i ca t ion  of the mapping -8", r e p r e s e n t i n g  

the vec tor  of loci ,  which is  c o m p l e m e n t a r y  to 8" in  

the s e nse  that it is  composed  of those loci which a re  

not conta ined  in 8*, again p r e s e r v i n g  the o r de r  given 

in  e. According to the verba l  desc r ip t ion ,  8" r e p r e -  

sen t s  a set  of neu t ra l  loci  if they do not change the 

r eac t i on  n o r m ,  i . e .  for  all p a i r s  of genotypes g l '  

E G with ~ * ( g l )  = ~*(g2 ),  the r eac t i on  n o r m s  of g2 
gl  and g2 a re  iden t ica l ,  namely  ~0(g I ,  �9 ) = ~(g2'  " )" 

Equiva len t ly  we can  s ta te :  

0*(8* ~ 8) r e p r e s e n t s  a vec to r  of neu t ra l  loci  if, 

and only if, for each pa i r  of genotypes g l '  g2 E G with 

~ * ( g l  ) = ~*(g2 ),  this  imp l i e s  g l , g  2 E G~ for some  

i = 1 , . . . i n .  

In p a r t i c u l a r ,  a set  of gene- loc i  which show only 

a s ing le  genotype is neu t r a l .  

The fact that we have not as yet imposed  fu r the r  

r e s t r i c t i o n s  on G and ~ faces  us with the d i l e m m a  

that ,  in gene ra l ,  t he re  exist  O*'s which at the s a m e  

t ime  r e p r e s e n t  a set  of con t ro l l ing  and neut ra l  loci ,  

as d e m o n s t r a t e d  by the following example :  

Assume m = 3; B(8 I) = {AI,A21, R(82) = {BI,B21, 

a(831 = {C 1 . . . . .  C4};  

gl  = (AI'BI'Cl)'g2 = ( A I ' B I ' C 2 ) ' g 3  =(A2,B2,c3) '  

= (A2,B2,C4) andG = {gl,...,g4};furthermore g4 

Ig l ,g2} ,  G~= }g3,g41 and 8* = 83 . G I =  
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It is  i m m e d i a t e l y  c l e a r  that  in th is  c a s e  e ~ i s  con -  

t r o l l i n g  as well  as  neu t r a l .  

This d i l e m m a  can be o v e r c o m e  if  we fu r t h e r  r e s -  

t r i c t  the def ini t ion of neut ra l  loc i  by r e q u i r i n g  that 

within G, genotypes  at t he se  loc i  can be v a r i e d  o v e r  

t he i r  whole r ange  for  f ixed genotypes  at each of the 

r e m a i n i n g  loc i .  If 

~ - 1 ( S )  : :  {gig 6 G and ~*(g)  6 S} ( the c o u n t e r -  

image  of S under  8" )  

for  any subse t  S f rom B ( ~ * ) ,  the above r e q u i r e m e n t  

can  be g iven  the f o r m u l a t i o n  

e ~ ( ~ * - l ( a ) )  : B ( e * )  for  all a ~ B ( ~ * ) .  

We now can define: 

e* r e p r e s e n t s  a v e c t o r  of " e f f ec t i ve ly  neu t r a l "  

loc i ,  if  mud only if,  e* i s  neu t ra l  and 

e*(~-1(a)) : R(e*) for all a6B(~*). 

A t r i v i a l  p roof  now shows that an e f f ec t ive ly  neut ra l  

e* cannot be con t ro l l i ng  at the s a m e  t i m e ,  and be -  

c a u s e  of th is  ~ is  con t ro l l i ng .  

It ought to be e m p h a s i z e d  that  fo r  an a r b i t r a r i l y  . 

g iven  6* the c l a s s i f i c a t i o n  be tween  " e f f ec t i ve ly  neu t r a l "  

and " c o n t r o l l i n g "  must  not be exhaus t ive ,  s i nce  it 

might  be none of both but s i m p l y  not con t ro l l i ng ;  i . e .  

for  at l e a s t  one pa i r  of s u b s c r i p t s  i, j (i ~ j ) ,  e~(G~) n 

ee (G~)  is  not empty .  

What r e m a i n s  to be c o n s i d e r e d  in th is  context  is  

an a n s w e r  to the ques t ion ,  whe the r  it is  pos s ib l e  to 

spec i fy  in a unique way an e f f ec t ive ly  neut ra l  s u b v e c -  

to r  of e ( c a l l e d  " m a x i m u m  e f f ec t ive ly  n e u t r a l " ) ,  

which c o m p r i s e s  the componen t s  of all e f f ec t ive ly  

neu t ra l  v e c t o r s ,  as well  as  a con t ro l l ing  v e c t o r  ( c a l l ed  

" m i n i m u m  c o n t r o l l i n g " )  which is  a s u b v e c t o r  of all 

con t ro l l i ng  ones .  m 

An a f f i r m a t i v e  answer  can  be g iven  for  G = X R  (e 1 ). 
1=1 

In th is  c a s e  the fol lowing a s s e r t i o n s  a r e  e a s i l y  p r o v -  

en: The t e r m s  "e f f ec t i ve ly  neu t r a l "  and " n e u t r a l "  a r e  

synonyms .  

The union of two neut ra l  s u b v e c t o r s  again is  a neu-  

t r a l  s u b v e c t o r ,  whereby  the union of two v e c t o r s  is  

def ined to be the v e c t o r  whose  componen t s  a r e  exac t ly  

those  of the two v e c t o r s .  

The c o m p l e m e n t a r y  v e c t o r  (with r e s p e c t  to e) of a 

con t ro l l i ng  s u b v e c t o r  i s  neu t r a l .  

F r o m  t h e s e  f indings we conclude  i m m e d i a t e l y :  The 

union of all neut ra l  s u b v e c t o r s  is  the only m a x i m u m  

neut ra l  v e c t o r ,  and i ts  c o m p l e m e n t a r y  v e c t o r  is  the 

only min imum con t ro l l i ng  one,  if  

m 

c = XR(el)- 
I=I 

In colloquial usage, when talking about a number of 

gene-loci controlling a trait, this number is meant to 

be the number of components represented in the mini- 

mum controlling subvector. Therefore, in general, 

i.e. for any arbitrary set of genotypes G, it might not 

be feasible to specify such a number at all. 

Clos ing  this  chap t e r ,  it should  be poin ted  out once  

m o r e  that the p r ev ious  c o n s i d e r a t i o n s  about neutral  

and con t ro l l ing  g e n e - l o c i  fundamenta l ly  r e f e r r e d  to t he  

notion of phenotypic equ iva l ence  of genotypes  with r e s -  

pect  to t he i r  r e a c t i o n  n o r m s .  However ,  it i s  g e n e r a l l y  

poss ib l e  to base  such an equ iva l ence  r e l a t i o n s h i p  not 

only on r e a c t i o n  n o r m s  but a lso  on phenotypic r a n g e s .  

If th is  is  done in a meaningful  way, the s a m e  conc lu -  

s ions  can  be de r ived .  

Genotype • env i ronmen t  i n t e r a c t i o n  

The t e r m  " i n t e r a c t i o n "  is  used  with a v a r i e t y  of m e a n -  

ings and, even  in the spec ia l  f i e ld  of b i o m e t r i c a l  g e n -  

e t i c s ,  it i s  not uniquely def ined ( s e e  e . g .  Mathe r  and 

J inks  1971, p. 56 i f ) .  N e v e r t h e l e s s ,  t h e r e  is  a c o m -  

mon bas ic  idea  under ly ing  nea r ly  all of the r e f l e c t i o n s  

on this  subjec t  as fa r  as it is  app l i ed to  gene t i c s  t heo ry .  

This idea  is  g o v e r n e d  by the wish to d i s t inguish  be -  

tween the con t r ibu t ions  to the total  phenotype which 

a r e  due to genotypic  and those  due to env i ron men ta l  

agenc i e s ,  knowing that c o m p l e t e  s e p a r a t i o n  might  not 

a lways be pos s ib l e .  In o the r  words ,  the d e s i r e  is  to 

find two funct ions ,  one r e p r e s e n t i n g  only the genotypic ,  

and the o the r  the env i ronmen ta l  agenc i e s ,  and combine  

t he se  two funct ions  acco rd ing  to s o m e  s p e c i f i e d  p r o -  

c e s s  o r  model  ( e . g .  addi t ive)  so that the t r a i t  func-  

t ion under  c o n s i d e r a t i o n  c o m e s  out.  Thus the f i r s t  

funct ion would c h a r a c t e r i z e  the genotypic ,  and the 

second  the env i ronm en ta l  con t r ibu t ion  to the t r a i t .  
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Yet ,  the pos s ib i l i t i e s  of finding two such funct ions 

a r e  r e s t r i c t e d  by the p r o p e r t i e s  of the model  a c c o r d -  

ing to which the funct ions a r e  combined  in o r d e r  to 

y ie ld  the t r a i t  funct ion;  that i s ,  the model  might  not 

allow us to f ind app rop r i a t e  funct ions .  It is  p r e c i s e l y  

this  s i tua t ion  which is t e r m e d  " i n t e r a c t i o n " ,  a n d s i n c e  

it depends heav i ly  on the model  employed ,  it should  

be t e r m e d  " i n t e r a c t i o n  with r e s p e c t  to the m o d e l " .  

These  thoughts can be d i r ec t l y  t r a n s f e r r e d  into a 

fo rma l  r e p r e s e n t a t i o n  using the fol lowing nota t ions:  

L ? : =  1717: G ~ F t  is  a s e t  of funct ions ( m a p p i n g s ) ,  

each of which c h a r a c t e r i z e s  a "geno typ ic  

con t r ibu t ion" .  F o r  ins tance ,  ~(.  ,u)  be -  

longs to L? for  e a c h u  ~ U. 

L~:= f e l e :  U - * F t  is  a s e t  of funct ions ,  each of which 

c h a r a c t e r i z e s  an " e n v i r o n m e n t a l  c o n t r i b u -  

t ion" .  F o r  ins tance ,  ~0(g, �9 ) be longs  to Le 

for  each  g E G. 

W := I~l~: G X U - ~ F t  is  a s e t  of funct ions ,  each of 

which c h a r a c t e r i z e s  a "hypothe t ica l  t r a i t  

funct ion" .  F o r  i n s t ance  the actual t r a i t  

funct ion cO belongs to W. 

: L • Le ~ W is  a mapping c h a r a c t e r i z i n g  the model  

acco rd ing  to which genotypic  (?)  and en -  

v i ronmen ta l  (e)  con t r ibu t ions  a r e  c o m -  

bined in o r d e r  to y i e ld  a hypothet ica l  t r a i t  

function B. 

S o m e t i m e s  in ma thema t i ca l  d ic t ion ~ is  c a l l e d  " s e p a r -  

able with r e s p e c t  to ~" o r  s imp ly  "~0-separable" if  the 

equat ion  

~(~,  ~) = ~0 

has a so lu t ion  (7" ,  e*) E L~/ x Le; o t h e r w i s e  ~0 is  not 

w-sepa rab le .  Thus "no ~ - s e p a r a b i l i t y "  of r i s  synony-  

mous with " ~ - i n t e r a c t i o n "  of genotype and e n v i r o n -  

ment  with r e s p e c t  to the t r a i t  ~0~ on the o the r  hand, 

" ~ - s e p a r a b i l i t y "  is  synonymous  with "no ~ - i n t e r a c -  

tion'  '. 

Both synonymous  t e r m s  v e r y  well  mee t  our  in tu i -  

t ive  c o m p r e h e n s i o n  of the sub jec t .  In fac t ,  on the one 

s ide  t h e r e  is  the ques t ion  of whe ther  it i s  poss ib l e  to 

view the in f luences  of genotype and env i ronmen t  on 

the t r a i t  s e p a r a t e l y ,  i . e .  to s e p a r a t e  them,  and on 

the o the r  s ide ,  if th is  cannot be done, to a t t r ibu te  it 

to a kind of i n t e r r e l a t i o n s h i p ,  i . e .  i n t e r ac t i on ,  be -  

tween  the two in f luences .  

F u r t h e r m o r e ,  s ince  t h e r e  i s  no c r i t e r i o n  of global 

va l id i ty  im ag inab l e  which s p e c i f i e s  a p r i o r i  how to e x -  

t r a c t  the genotypic  and env i ronm en ta l  con t r ibu t ions  

f rom a t r a i t  and how to dec ide  upon t h e i r  s e p a r a b i l i t y ,  

it is  inev i tab le  that an approach is  chosen  which e x -  

p l ic i t ly  inc ludes  the poss ib i l i t y  of f r e e l y  s e l ec t i ng  a 

c r i t e r i o n  (~) fo r  judgement  on the i n t e r r e l a t i o n s h i p  

be tween the con t r ibu t ions .  Above al l ,  it b e c o m e s  ap-  

pa ren t  that " i n t e r a c t i o n "  i s  a r e l a t i v e  phenomenon 

which might be r e a l i z e d  with one ~ but not with an-  

o the r .  It i s  diff icult  to answer  the ques t ion  of which 

in the  individual  c a s e  has  to be r e g a r d e d  as the  

mos t  app rop r i a t e  one.  

Doubt less ,  the mos t  f requen t ly  appl ied r e p r e s e n -  

ta t ion for  ~ is  the addi t ive  model ,  i . e .  

~ ( ~ , ~ )  := ~ + 

which is  meaningful  if we a s s u m e  F = ]it k ( k - d i m e n -  

s ional  r ea l  Euc l idean  s p a c e ) .  In p a r t i c u l a r ,  for  k = 1, 

that is  F = ~ 1  = lq ( se t  of r e a l  n u m b e r s ) ,  th is  i s  the 

model  which e n t e r s  into the ana lys i s  of v a r i a n c e ;  l a t e r  

we shal l  r e t u r n  to th is  model  once m o r e .  

To avoid producing  the i m p r e s s i o n  that the addi-  

t ive  model  i s  the only r e a s o n a b l e  one,  t h r e e  o the r  

e x a m p l e s  shal l  be l i s t ed .  

The mu l t i p l i c a t i ve  mode l :  A s s u m e  F = ~ ,  then  

~ ( ~ , ~ )  := 7" ~-  

The model  of c o m p l e t e  gene t i c  con t ro l :  

~ ( ~ , ~ )  := ~. 

If the equat ion ~(7, e) = cO has a so lu t ion ,  th is  means  

that the r e a c t i o n  norm r �9 ) i s  cons tant  on U for  

each g E G; i . e .  env i ronmen t  has  no modifying in -  

f luence on t r a i t  e x p r e s s i o n .  

The model  of gene t ic  neu t ra l i t y :  

~ ( 7 , ~ ) : =  ~; 

again,  if  the equat ion ~(? ,  e) = ~ has  a so lu t ion ,  the 

t r a i t  r is  not he r i t ab l e  and is  t h e r e f o r e  e x c l u s i v e l y  

e n v i r o n m e n t a l l y  dependent .  

The l as t  two mode l s  a r e  p a r t i c u l a r l y  i n t e r e s t i n g  

in so fa r  as they r e f l e c t  the two e x t r e m e s  of absence  

of i n t e r a c t i o n  ( s e p a r a b i l i t y ) ,  d i s t ingu i shed  by the fact  

that  e i t h e r  env i ronmen ta l  o r  gene t ic  e f fec t s  on the  

t r a i t  a r e  to ta l ly  e l i m i n a t e d ;  th is  c o r r e s p o n d s  to h e r l -  
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~"~ _ /  

r 

t ion - condi t ion  (a  +) may be r e g a r d e d  as the most  

effect ive one in  the m a j o r i t y  of c a s e s .  

F o r  F = R ,  the d i rec t  geomet r i c  i n t e r p r e t a t i o n  

of condi t ion  (a +) p roceeds  as follows: 

Cons ide r  a two-d imens iona l  c a r t e s i a n  sys t em of 

coord ina tes .  On one axis  the va lues  of the funct ion 

r ,u  0) for all g E G are  d i s t r ibu ted  and on the o the r  

those of the funct ion r �9 u) .  

According  to condi t ion (a  +) put 

v ( g , u ) - v ( g , u  0) = : c ( u ) , i . e .  ~ ( g , u ) = c ( u ) + ~ ( g ,  u0) ,  

F ig .  2. Addi t ivi ty  of the genotypic and env i ronme n t a l  
con t r ibu t ions  to the t r a i t  ~: genotypes  in  two d i f fe r -  
ent e n v i r o n m e n t a l  s i tua t ions  uo and u plot ted agains t  
each o ther  

t ab i l i t i e s  of 1 and 0, r e spec t i ve ly .  In t e r m s  of r e a c -  

t ion  n o r m s ,  this  s t a t e s  that e i the r  each r eac t ion  no rm 

is cons tan t  ( in  the s e n s e  that the co r r e spond ing  pheno-  

typic r ange  con ta ins  one e l emen t  only) but not all a r e  

iden t ica l ,  o r  that all r e ac t i on  n o r m s  a re  iden t ica l .  

Evident ly ,  the above def ini t ion of r showing no 

~ - i n t e r a c t i o n  of genotype and env i ronmen t  is  equi -  

valent  to q0 E H(~) ,  us ing  the a i r e a d y - i n t r o d u c e d  no-  

t ion  of the r ange  R ( . . .  ) o f a f u n c t i o n .  In r ea l i ty ,  we 

t h e r e f o r e  need r e a s o n a b l e  methods which enable  ef-  

fect ive inves t iga t ion  as to whether  ~0 E R(~)  or  not. 

Re fe r r i ng  to the addit ive and mul t ip l i ca t ive  model 

this  p rob lem shal l  be tack led  b r ie f ly  by se t t ing up 

equivalent  condi t ions  under  which q0 E R ( ~ ) ,  without 

giving the t r iv i a l  proofs .  
§ 

The addi t ive  model 

Condi t ion  (a+) .  c0 E R(~ +) if and only if for  any u0~ U, 

$ ( g , u ) - ~ ( g , u  0) is  a funct ion of u only.  

Condi t ion  (b+) .  ~0 6 R(~  +) if and only if for any g0gG,  

r  i s  a funct ion of g only.  

Condi t ions  (a  +) and (b +) s imp ly  s ta te  that the func-  

t ions  ~(g, - ) a r e  p a r a l l e l s  for all g E G as well as 

that the funct ions  ~)(- ,u )  a r e  p a r a l l e l s  for  all u E U, 

which r e f l ec t s  m e r e l y  the usual  t es t ing  bas i s  in p r a c -  

t ical  appl ica t ion .  

Since many  env i ronmen ta l  v a r i a b l e s  a r e  con t in -  

uous,  and s ince  t r a i t s  inves t iga ted  a re  often con t ro l l ed  

by a f ini te ,  and perhaps  compara t i ve ly  s m a l l ,  n u m b e r  

of gene - loc i  (and  thus a few genotypes)  - o r  at l eas t  

a s m a l l  n u m b e r  of genotypes  is  taken into c o n s i d e r a -  

then c l e a r l y  for  fixed u this  equat ion te l l s  us that for  

each g g G, the r e spec t i ve  pa i r  of coord ina tes  is 

p laced on a s t ra igh t  l ine  with d i sp lacement  c (u )  f rom 

the o r ig in  and slope 1. This holds for  each u ~ U ( see  

F i g . 2 ) .  

In te rchanging  the s ign i f i cance  of g and u, we a r r i v e  

at an analogous i n t e r p r e t a t i o n  of condi t ion (b +).  

These cons ide ra t i ons  a re  eas i ly  t r a n s f e r r e d  to 

the mul t ip l i ca t ive  model ~• 

Condi t ion (a  x).  If u 0 6 U with c0(g, u O) ~0 for  all g 6G,  

then e E R ( ~  ~) if and only if 

w(g ,u )A0(g ,u  0) is a funct ion of u only.  

Condi t ion (bX). If go gG with ~ ( g 0 , u ) ~ 0  for all  uE U, 

then r162 x) if and only if 

r u) is  a funct ion of g only.  

A gene ra l i z a t i on  of these  two condi t ions  is  de r ived  in 

the appendix.  

The d i rec t  geome t r i c  i n t e r p r e t a t i o n  of condi t ion 

(a  • follows the s a m e  l ine  as within the addit ive mod-  

el ,  c ons i de r i ng  the s a m e  two-d imens iona i  c a r t e s i a n  

sys t em of coord ina tes .  But now put 

s (g ,u )A0(g ,  UO) : :  c ( u ) ,  i . e .  q~(g,u) =c(u)-c0(g,  u0) ,  

then again for fixed u this  equat ion t e l l s  us that for  

each g E G, the r e spec t i ve  pa i r  of coord ina tes  is  

p laced on a s t ra igh t  l ine  pass ing  through the o r ig in  

and having slope c ( u ) .  This holds for  each u ~ U ( see  

F i g . 3 ) ,  and, as before ,  in t e rchang ing  the s ign i f i -  

cance  of g and u r e s u l t s  in an analogous i n t e r p r e t a -  

t ion  of condi t ion  (b ~) .  F o r  fu r the r  appl ica t ions  and 

d i s c us s i ons  of the mul t ip l i ca t ive  model see  e . g .  

Mather  (1975) .  

F i n a l l y ,  it should be emphas i zed  again that jus t  

as for ~ .  R ( ~ ) ,  a so lu t ion  ( y, ~) ELy • of ~( ~, ~) = r 
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orc ton  c~)  

Fig .  3. Mul t ip l ica t iv i ty  of genotypic and e n v i r o n m e n -  
tal con t r ibu t ions  to the t r a i t  ~: genotypes in  two dif-  
fe ren t  env i ronmen ta l  s i tua t ions  uo and u plotted agains t  
each o ther  

in genera l  must  not be unique,  t he re fo re ,  the ' s t r eng th  ' 

of i n t e r ac t i on  ( i .  e. devia t ion f rom w-separabi l i ty)  for 

~0 ~ R(~)  cannot  be p roper ly  defined in  the f r a m e  of 

this  concept because  of obvious r e a s o n s .  Therefore  

any s t a t emen t  about an ' amount  of i n t e r a c t i o n '  should 

be examined  ve ry  ca re fu l ly .  

F r e q u e n c y  d i s t r ibu t ions  over  G • U and addi t iv i ty  or  

mul t ip l i ca t iv i ty  of genotypic and e n v i r o n m e n t a l  con -  

t r ibu t ions  

In the sequel ,  the usual  and mos t ly  se l f - ev iden t  con-  

vent ions  about nota t ions  and the mean ing  of mu l t i p l i -  

ca t ion  and addi t ion of funct ions  or  random v a r i a b l e s  

as well as the i r  expecta t ions ,  condi t ional  expecta t ions ,  

etc.  (a lways  a s s u m i n g  they exis t )  a r e  appl iedwithout  

fu r the r  def ini t ion or  explanat ion.  Expec ta t ions  a n d v a r -  

l ances  of r andom v a r i a b l e s  X will be denoted E(X) 

and V(X) and conditional expectations and variances 

of X given some other variable Y will be denoted 

E(X [Y) and V(X IY), r e spec t i ve ly .  R e m e m b e r  that 

expecta t ions  and v a r i a n c e s  of v a r i a b l e s  used  in  this  

paper  (~, r �9 ), ~(" , u ) ,  e, 7, etc .  ) a re  based  upon a 

p robab i l i ty  m e a s u r e  ( f r equency  d i s t r ibu t ions )  P ( � 9  ) 

over G • U. 

The following propositions and notations will turn 

out to be useful for the further considerations: 

If r E R(~ +) and (7*, e*) is a particular solution of 

~+(7, ~) = cp, then all solutions (7, ~) of this equation 

(i.e. ? + e = r take the form 7 = 7" + s, e = e*- s 

with s E ~ k  ; 7 d e t e r m i n e s  e uniquely,  s ince  e = ~ -  7 

(and vice  versa). 

Simi l a r ly  for the mul t ip l i ca t ive  model ~ ,  the set  

of all so lu t ions  of the equat ion 7 �9 e = ~0 is  given by 

1 . e .  with s E ~ ,  s ~ 0 ;  in the non-  ? = s-y*, ~ 

t r iv i a l  case  ~ ~ O, t he re  always exis t s  g E O with 

7(g) ~ O, which al lows de t e rmina t ion  of a by e(u)  = 

~ ( g , u ) / 7 ( g ) .  
These facts  suggest  that we r educe  s tudies  of the 

set  of so lu t ions  (7, ~) of W(7, ~) = % for ins tance ,  to 

the set 

F ~ :=  t ? ITEL and t he r e  ex is t s  e E L e with ~ (? , e )=~} ;  
V 7 

clearly th i s . se t  is  empty for ~ ~ R(~). Consequent ly ,  

if 

+ + 

7" 6 F ~ then F ~ = 17" + s i s  6 Bk} ;  

x x 

a n d i f  7*6  F ~ then F~= I s -  7*Is  E N,  s ~ O } .  

An advantage of this formulation is that for separ- 

ability of ~ with respect to the additive or multiplica- 

tire model, it vividly gives prominence to the simple 

kind of relationship between the different genotypic 

contributions 7 which can be chosen to represent the 

genetic influence on the same trait ~0; viz. the geno- 

typic contributions simply differ by an additive or a 

multiplicative constant. 

Furthermore, if r 6 R(~+), we conclude from con- 

dition (a  +) that ~0(-,u 0) E F~ +, s ince  r ~0(g, u 0 ) I 

is a func t ionof  u only,  a n d t h i s h o l d s  for  any u 0 E U. Like- 

if ~0E R(~•  ~0(-,u 0) E F~ x for  a n y u  0 E U with wise,  

~0(-,u0) ~ 0 ( see  condi t ion  (a  • ) in  the appendix) .  Theo- 

r e t i ca l ly ,  these  s t a t e m e n t s  provide  a s a t i s f ac to ry  me th -  

od of finding all poss ib le  genotypic con t r ibu t ions  for 

s epa rab i l i t y  with r e spe c t  to the addit ive or  m u l t i p l i c a -  

t i r e  model .  Yet, in  p rac t i ca l  appl icat ion,  this  way of 

proceeding  often leads  to un re so lvab l e  diff icul t ies ,  

ma in ly  because  s ingle  genotypes or  env i ronmen ta l  s i t -  

ua t ions  cannot  be subjec t  to suff ic ient  exper imen ta l  

con t ro l .  An a l t e rna t ive  is  offered by the s o - c a l l e d  

' q u a n t i t a t i v e '  methods of ma themat i ca l  s t a t i s t i c s  r e -  

su l t ing  f rom the f indings of p robabi l i ty  theory .  Still 

the most  powerful tool within th is  f r a m e  as applied 

to genotype • env i ronmen t  i n t e r r e l a t i o n s h i p s  is  the 

ana lys i s  of v a r i a n c e ,  which e s se n t i a l l y  invo lves  e s t i -  

mat ions  of c e r t a i n  k inds  of expecta t ions  and v a r i a n c e s  
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of  t r a i t  f u n c t i o n s  CO. The f o l l o w i n g  d e m o n s t r a t i o n s  

c o n t r i b u t e  to t h e s e  a s p e c t s ,  c o n c e n t r a t i n g  o n g e n o t y p i c  

c o n t r i b u t i o n s  in c o n n e c t i o n  wi th  s e p a r a b l e  t r a i t  f u n c -  

t i o n s .  

It was  m e n t i o n e d  at t he  beg inn ing  of  t h i s  c h a p t e r  

that  we  a s s u m e  a p r o b a b i l i t y  m e a s u r e  PC. �9 �9 ) o v e r  

G x U to be  g i v e n  and tha t  t h e  d i s t r i b u t i o n s  of  r a n d o m  

v a r i a b l e s  r e f e r  to t h i s  p i -obab i l i ty  m e a s u r e .  In p a r t i c -  

u l a r ,  v a r i a b l e s  s u c h  as  7 o r  CO(-, u 0) a r e  not e x p l i c i t l y  

d e f i n e d  on G x U, but r a t h e r  on G;  n e v e r t h e l e s s  we  

r e g a r d  t h e m  as  f u n c t i o n s  d e f i n e d  on G • U, a s s u m i n g  

t h e y  a r e  f u n c t i o n a l l y  i n d e p e n d e n t  of  u E U, wh ich  c o n -  

s e q u e n t l y  i m p l i e s  that  t h e y  a r e  d i s t r i b u t e d  a c c o r d i n g  

to t he  m a r g i n a l  o r  c o n d i t i o n a l  m a r g i n a l  ( g i v e n  u 0) 

d i s t r i b u t i o n  on G wi th  r e s p e c t  to P ( . . .  ) .  A s i m i l a r  

s t a t e m e n t  c a n  be  m a d e  f o r  e and c0(g0, �9 ) r e f e r r i n g  to 

t he  r e s p e c t i v e  m a r g i n a l  d i s t r i b u t i o n s  on U. 

D e a l i n g  wi th  e x p e c t a t i o n s  of  r a n d o m  v a r i a b l e s ,  t he  

p h e n o t y p i c  s t a t e  s p a c e  F h a s  to be  r e a l ,  i . e .  F = n=l. 

The a d d i t i v e  m o d e l :  S u p p o s e  CO E R ( ~ + ) ,  I~ E F~:  
i 

and t h e r e f o r e  

= CO - I(- We  i m m e d i a t e l y  o b t a i n  

E(CO[u) = e ( u )  + E ( l ~ l u ) ,  E(co[g)  = It(g) + E ( e l g ) ,  

v(~lu) --v(~lu), v(colg) : v(~lg) .  

The n o t a t i o n  COIg i n c l u d e s  two a s p e c t s ,  a func t iona l  

and  a p r o b a b i l i s t i c a l  o n e .  The func t i ona l  a s p e c t  of  CO [ g 

r e f e r s  to  t he  f u n c t i o n  CO(g, �9 ) ( t he  r e a c t i o n  n o r m  of  

g ) ,  w h i l e  t h e  p r o b a b i l i s t i c a l  a s p e c t  r e f e r s  to  t he  d i s -  

t r i b u t i o n  of  CO(g, �9 ) wh ich  i s  g o v e r n e d  by t h e  c o n d i t i o -  

na l  p r o b a b i l i t i e s  P ( . . .  I g)  �9 C o m p r e h e n s i v e l y  but 

r o u g h l y  s p e a k i n g ,  P ( u l g )  i s  t h e  p r o p o r t i o n  of  i n d i -  

v i d u a l s  a m o n g  t h o s e  h a v i n g  g e n o t y p e  g wh ich  e x i s t  in  

t he  e n v i r o n m e n t a l  s i t u a t i o n  u. O b v i o u s l y ,  the  c o n d i -  

t i ona l  p r o b a b i l i t i e s  in  g e n e r a l  m i g h t  c h a n g e  wi th  g E G, 

and  so  migh t  E ( e l g ) ,  s i n c e  it  a l s o  d e p e n d s  on t h i s  

c o n d i t i o n a l  d i s t r i b u t i o n .  The r e s p e c t i v e  a r g u m e n t s  

f o r  COl u f o l l o w  the  s a m e  l i n e .  

F o r  t he  c a s e  of  s t o c h a s t i c  i n d e p e n d e n c e  b e t w e e n  

g e n o t y p e s  and e n v i r o n m e n t ,  t h e  c o n d i t i o n a l  d i s t r i b u -  

t i o n s  a r e  a l l  i d e n t i c a l  to t h e  a p p e r t a i n i n g  m a r g i n a l  

d i s t r i b u t i o n  , and  in  p a r t i c u l a r ,  E ( ~ l g )  = E ( e )  f o r  a l l  

g E G, E ( l t l u )  = E ( 7 )  f o r  a l l  u E U. A p p l y i n g  the  p r e -  

c e d i n g  f ind ings  to  t h i s  s i t u a t i o n ,  we  c a n  now s t a t e  that  

t he  two f u n c t i o n s  of  g g i v e n  by E(coig)  and r - 

E(q~[u) b e l o n g  to I'~ ~ ( a r e  g e n o t y p i c  c o n t r i b u t i o n s ) .  

No te  tha t  t h e s e  two r e p r e s e n t a t i o n s  of  g e n o t y p i c  c o n -  

t r i b u t i o n s  c a n  be  e a s i l y  e s t i m a t e d  in m o s t  p r a c t i c a l  

a p p l i c a t i o n s  and,  l a s t  but not l e a s t ,  b e c a u s e  of  t h i s ,  

p l ay  a c e n t r a l  r o l e  i n t h e  a n a l y s i s  of v a r i a n c e .  

The i n t e r p r e t a t i o n  of  t he  r e s u l t s  f o r  t he  v a r i a n c e s  

n e e d  not be  d i s c u s s e d  in m o r e  d e t a i l ,  s i n c e  the  e s s e n -  

t i a l  c o n s i d e r a t i o n s  aga in  a r e  b a s e d  upon the  r e s p e c t i v e  

u n d e r l y i n g  c o n d i t i o n a l  d i s t r i b u t i o n s .  J u s t  f o r  c o m p l e -  

t e n e s s ,  i t  sha l l  be  p o i n t e d  out tha t ,  in t he  c a s e  of  

s t o c h a s t i c  i n d e p e n d e n c e  b e t w e e n  g e n o t y p e s  and e n v i -  

r o n m e n t ,  t he  c o n d i t i o n a l  v a r i a n c e s  a r e  f u n c t i o n a l l y  

i n d e p e n d e n t  of  g and v (V(COlg) = V ( e )  f o r  al l  g E G and 

V(COlu) = V(~)  f o r  al l  u E U ) ,  w h i c h  of  c o u r s e  d o e s  

not m e a n  tha t  t hey  a r e  equa l  to the  to t a l  pheno typ i c  

v a r i a n c e  V(CO) of  t he  t r a i t  co. 

The m u l t i p l i c a t i v e  m o d e l :  A s  b e f o r e ,  s u p p o s e  
~x 

COE R(~• 7 E F . Now 
CO 

E(COig) : 1~(g)" E ( e i g ) ,  E(coIu)  = e ( u ) - E ( T l u )  , 

v(~lg) : ~(g)2. v(~[gl,v(cotu) = ~(ule-v(~lu) .  

O b v i o u s l y ,  wi th  r e s p e c t  to the  e x p e c t a t i o n s ,  t h e r e  i s  

c o m p l e t e  a n a l o g y  to t he  i m p l i c a t i o n s  v e r i f i e d  fo r  t he  

a d d i t i v e  m o d e l .  This  i s  qu i t e  d i f f e r e n t  fo r  t h e  v a r i a n c e s .  

The s t a n d a r d  d e v i a t i o n  of  t he  r e a c t i o n  n o r m  as  a f u n c -  

t i on  of  g y i e l d s  a g e n o t y p i c  c o n t r i b u t i o n ,  tha t  i s ,  

1 
g)Y V(col a s  a f unc t i on  of  g b e l o n g s  to F ~ ~0 

in the case of stochastic independence between geno- 

types and environment. Another significant distinc- 

tion between the two models, as brought out by the 

variances, involves certain invariance properties of 

genotypic and environmental contributions. That is to 

say, the conditional variances of genotypic (~), as 

well as environmental (~) contributions, remain un- 

changed for each permissible choice of 7 and ~ in the 

additive model (i.e. 7 ~ F~ +, ~ = CO- Y), whichis not 

so in the multiplicative model. 

At th i s  po in t ,  l e t  us  b r i e f l y  go back  to t he  g e n e r a l  

t r e a t m e n t  of  t he  g e n o t y p e  • e n v i r o n m e n t  i n t e r r e l a t i o n -  

sh ip ,  h a v i n g  in m i n d  a m o r e  t h o r o u g h  d e s c r i p t i o n  of  

t r a i t  v a r i a b i l i t y  c a u s e d  by g e n o t y p i c  a g e n c i e s .  The 

p r o b l e m  h a s  b e e n  t o u c h e d  on b e f o r e ,  t o g e t h e r  wi th  

t he  c o n c e p t  of  pheno typ i c  e q u i v a l e n c e  of  g e n o t y p e s  and 

the  m o d e l  of  g e n e t i c  n e u t r a l i t y ,  f o c u s i n g  a t t e n t i o n  on 

r e a c t i o n  n o r m s  ~(g ,  �9 ) .  Now we c o n c e n t r a t e  on the  

f u n c t i o n s  CO(-, u ) .  E v i d e n t l y ,  g e n o t y p e s  do not a f f ec t  
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t r a i t  e x p r e s s i o n  in  env i ronmen ta l  s i tua t ion  u, if the 

funct ion r ,u )  is  cons tan t  on G, and, on the o ther  

hand, the degree  of genotypic affect ion on t r a i t  ex-  

p r e s s i o n  i n c r e a s e s  with the n u m b e r  of different  va l -  

ues  ~(. ,u )  adopts,  as well as with the magni tude  of 

the d i f fe rences  between these  va lues .  Thus, eva lua t ion  

of the degree  of genotypic affect ion would r e q u i r e  the 

cons t ruc t ion  of an appropr ia te  m e a s u r e  of va r i ab i l i t y  

within the range  B(~0(- ,u)  ) of ~0(. , u ) .  Beyond th is ,  

v a r i a b i l i t i e s  within r anges  B( ~0( �9 u) ) in t u r n  might 

va ry  with u g U, an aspect  which can be accounted for 

by taking the mean  over  all  v a r i a b i l i t i e s ,  but which 

n e v e r t h e l e s s  is  s t i l l  worth d i scuss ing  c r i t i c a l l y .  

It is  immed ia t e ly  c l e a r  that the s t a t i s t i ca l  anedoga 

to these  h e u r i s t i c a l l y  de sc r i bed  quant i t ies  a re  the con-  

dit ional va r i ance  V( <Oi u) ( m e a s u r i n g  the va r i ab i l i t y  

within B(~0(- ,u)  ) and the expecta t ion  E(V(~015) ) m e a s -  

u r ing  the m e a n  over  all v a r i a b i l i t i e s )  ~ we used  the no-  

ta t ion  [l for u to indica te  that 5 now is r e g a r d e d  as a 

va r i ab l e  taking va lues  u, which consequent ly  i mp l i e s  

that V(<0If~) is  a random va r i ab l e  whose d i s t r ibu t ion  

is  governed  by the marg ina l  d i s t r ibu t ion  over  U. In 

other  words,  E(V(<01~)) in the s t a t i s t i ca l  s ense  is 

taken to m e a s u r e  the amount  of geno typ ica l l y - caused  

t r a i t  va r i ab i l i t y .  F u r t h e r m o r e ,  the gene ra l l y  va l id  

f o rmu la  

V(~0) = E(V(r + V ( E ( ~ I S ) )  

al lows us to c h a r a c t e r i z e  E(V(~01~)) as a con t r ibu t ion  

to the toted phenotypic v a r i a n c e  V(~) ,  and because  of 

th is  sugges t s  the n o r m a l i z e d  v e r s i o n  E (V(~I fl) ) / V ( ~ )  

- which is  not the (b road  s e n s e - )  he r i t ab i l i t y  - to r e -  

p re sen t  the geno typ i ca l l y - caused  par t  of t r a i t  v a r i a -  

b i l i ty .  

Unfor tunate ly ,  t he re  a re  s eve ra l  inadequac ies  in 

th is  s t a t i s t i ca l  m e a s u r e m e n t  of va r i ab i l i t y ,  as can be 

taken  f rom the above desc r ip t ion  of the t e r m .  V a r i a -  

bi l i ty  within the set  B( ~0(-, u) ) combines  two face ts ,  

the abundance  (power)  of the set  ( i . e .  the n u m b e r  of 

genotypes  di f fer ing in  t r a i t  e x p r e s s i o n  for u) and the  

s p r e a d  width among the e l e m e n t s  of the se t ,  whereby 

poss ib le  f requency  d i s t r ibu t ions  over  the set  a re  c o m -  

ple te ly  i r r e l e v a n t .  Expl ic i t ly ,  the v a r i a n c e  accounts  

only for  the second  facet ,  that is  the s p r e a d  width, and 

even  this  can  be a r b i t r a r i l y  modif ied by r e spec t i ve  

choices  of f requency  d i s t r i bu t i ons .  It i s  not f eas ib le  

to pene t r a t e  the p rob lem m o r e  ex tens ive ly ,  because  

the re  does not yet exis t  an adequate analy t ica l  r e p r e -  

sen ta t ion  of va r i ab i l i t y  in  the above s e n s e .  

Be tu rn ing  to the c a se s  ~ 6 B(~ +) or  ~ 6. B(~x) ,  the 

i n t r i n s i c  s ign i f i cance  of the genotypic con t r ibu t ion  

now becomes  evident  when looking at the condi t ional  

v a r i a n c e s .  Apar t  f rom the jus t  men t ioned  inadequac ies ,  

d i r ec t ly  and exc lus ive ly  d e t e r m i n e s  E ( V ( ~l ~) ) for  

the addit ive model ,  s ince  V(~01u) = V(y [u) ,  which does 

not hold for  the mul t ip l i ca t ive  model in  gene ra l .  This 

i l l u s t r a t i v e  p rope r ty  of the addi t ive model pa r t i a l ly  

jus t i f i e s  i ts  p r omi ne nc e .  

In col loquial  technical  language ,  E(~t  g) is  ca l l ed  

the ' genotypic value ' of g, and the re fo re  V (E ( ~ [ ~) ) 

is  conce ived  of as the ' genotypic v a r i a n c e  ' ,  which 

gives r i s e  to the def ini t ion of he r i t ab i l i t y  in  the form 

V(E(~01~)) /V(~) .  As is  well known, th is  def ini t ion 

of he r i t ab i l i t y  is  c l a i m e d  to make  the s a m e  s t a t emen t  

we der ived  for  E ( V ( ~ I S ) ) / V ( ~ )  proceeding  f rom e l e -  

m e n t a r y  r e f l ec t ions  about genotypic effects  on t r a i t  

e x p r e s s i o n  only.  We shal l  not e n t e r  into a lengthy d i s -  

c u s s i on  on the p r io r i t y  of one over  the other ,  but r e s -  

t r i c t  o u r s e l v e s  to the r e m a r k  that both quan t i t i es  a re  

ident ica l  for %0 6 B(~+) and s tochas t ic  independence  

between genotype and e n v i r o n m e n t ,  s i nc e  in  this  ca se  

~.(V(~[~)) -- V(~) -- V(E(~[~)). 

The f i tness  funct ion 

This chapter  will not be c o n c e r n e d  with def ini t ion,  to 

say nothing of jus t i f i ca t ions  of f i tness  concepts  l ike  

' d a r w i n i a n ' ,  ' w r i g h t i a n ' ,  ' r e p r o d u c t i v e  v a l u e ' ,  e t c . ,  

but r a t h e r  will again  be r e s t r i c t e d  to the r e p r e s e n t a -  

t ion of some  fundamenta l  and - hopefully - gene ra l l y  

acceptable  ideas  connec ted  with the t e r m  f i tness .  

P u r s u i n g  this  goal,  we p r inc ipa l l y  r e f e r  to the 

papers  of Cavedl i -Sforza  (1974) andWaddington  (1974). 

Both authors  agree  that f i tness  has to be r e g a r d e d  as 

r e su l t i ng  f rom the joint  opera t ion  of phenotype and 

env i ronmen t ,  the l a t t e r  author  addi t ional ly  subdiv id-  

ing the e n v i r o n m e n t a l  agenc ies  into what he ca l l s  

' e p i g e n e t i c '  and ' s e l e c t i v e ' .  Since phenotype in  t u r n  

is  the product  of genotype and e n v i r o n m e n t ,  and r e -  

ca l l ing  the ve ry  ex tens ive  def ini t ion of e n v i r o n m e n t a l  

s i tua t ions ,  which na tu ra l ly  inc ludes  epigenet ic  and 

se l ec t ive  componen t s ,  the joint  ope ra t i on  of pheno-  

type and env i ronmen t  in  o r d e r  to produce  f i tness  va l -  
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ues  can,  in the l as t  ana lys i s ,  be t r a c e d  back to a p r o -  

c e s s  of a s s ign ing  f i tness  va lues  to p a i r s  of genotypes  

and env i ronmen ta l  s i tua t ions .  This b r ings  us back to 

our  o r ig ina l  concept  of the t r a i t  funct ion,  now c a l l e d  

the ' f i t n e s s  f u n c t i o n ' ,  and consequen t ly  a l lows us to 

apply all the p r e c e d i n g  f indings to the t r a i t  ' f i t n e s s ' .  

In p a r t i c u l a r  (account ing  for  i ts  t op i ca l i t y ) ,  the 

not ions of ' s e l e c t i v e l y  neut ra l  g e n e - l o c i '  and ' s e l e c -  

t ive ly  equiva len t  g e n o t y p e s '  a r e  m e r e  spec i f i ca t ions  

of the p r e v i o u s l y  in t roduced  t e r m s  ' neu t ra l  g e n e - l o c i  ' 

and ' pheno typ ica l ly  equiva len t  g e n o t y p e s ' ,  when con-  

s i d e r i n g  the t r a i t  ' f i t n e s s  ' 

A f u r t h e r  aspec t  of s e l e c t i v e  equ iva l ence  r e f e r s  

to the gene as the unit of h e r e d i t a r y  t r a n s m i s s i o n  at 

a g iven  g e n e - l o c u s .  More  c o n c r e t e l y ,  this  c o n c e r n s  

the idea  of s e l e c t i v e  equ iva l ence  of a l l e l o m o r p h s ,  i . e .  

a l l e l e s  at a g e n e - l o c u s  under  s tudy.  Two a l l e l e s  a r e  

r e c o g n i z e d  as s e l e c t i v e l y  equiva len t  if, for  any g iven  

g E G conta in ing  at l e a s t  one of the two a l l e l e s ,  sub -  

s t i tu t ion  of one such a l l e l e  by the o the r  does  not change 

the f i tness  ( r e a c t i o n )  n o r m .  Not ice  that th is  can  only 

be conduc ted  if the r e s p e c t i v e l y  r e q u i r e d  genotypes  

belong to G. Usual ly ,  when ta lk ing  about newly o c c u r -  

r ing ,  s e l e c t i v e l y  neut ra l  muta t ions ,  t he se  a r e  u n d e r -  

s tood  to be new a l l e l e s  which a r e  s e l e c t i v e l y  equ iv -  

a lent  to p r e - e x i s t i n g  ones ,  that i s ,  they do not a l t e r  

the e s t a b l i s h e d  f i t nes s  pa t t e rn .  At a s e l e c t i v e l y  neu-  

t r a l  g e n e - l o c u s ,  c l e a r l y  al l  a l l e l e s  a r e  s e l e c t i v e l y  

equ iva len t .  

One of the cen t r a l  c o n c e r n s  of populat ion gene t i c s  

i s  the  ana lys i s  and p r ed i c t i on  of gene t ic  s t r u c t u r e s  of 

popula t ions ,  a task  which e s s e n t i a l l y  invo lves  i n f e r -  

ence  s o r  a s sumpt ions  about s e l e c t i v e  advantage  of 

s o m e  genotypes  o v e r  o t h e r s .  It i s  c o m m o n  knowledge 

that  the s e l e c t i v e  s u p e r i o r i t y  of a genotype can  be 

unde r s tood  only in the context  of the c i r c u m s t a n c e s  

to which it owes  i ts  s u p e r i o r i t y .  Desp i t e  the g r ea t  

c o m p l e x i t y  of the sub jec t ,  it is  pos s ib l e  to p e r f o r m  a 

s i m p l e  d e m o n s t r a t i o n  of the modes  acco rd ing  to which 

s e l e c t i v e  s u p e r i o r i t y  of  genotypes  is  mos t  often v iewed .  

F o r  th is  pu rpose ,  the f i tness  (phenotypic)  s t a t e  space  

F is  a s s u m e d  to be a c o m p l e t e l y  o r d e r e d  se t ,  and fo r  

s i m p l i c i t y  we choose  F= IR with the o r d e r i n g  r e l a t i o n  
' < '  ( ' > / ' ) .  

In p r i nc ip l e ,  qua l i t a t ive  c o m p a r i s o n s  of magni tude  

of  f i tness  va lues  fo r  genotypes  can  be d iv ided into t h r e e  

d i f fe ren t  c a t e g o r i e s ,  t e r m e d  ' s i n g l e ' ,  ' n o r m  depen-  

den t '  and ' g l o b a l ' c o m p a r i s o n s .  The meanings  of  the 

t e r m s  a r e  as fol lows,  using CO as the f i tness  function:  

Single c o m p a r i s o n :  E l e m e n t s  f rom G x U a r e  c o m -  

pa red .  A genotype g ex i s t ing  in an env i ronmen ta l  s i t u -  

at ion u is  sa id  to be s u p e r i o r  to a genotype g '  ex i s t ing  

i n u '  if ~p(g,u) >co(g ' ,u ' ) .  

Norm dependent comparison: Fitness norms CO(g, �9 ) 

are compared. A genotype g is said to be superior with 

respect to fitness norm to a genotype g ', if co(g, - ) >I 

co(g',-), i .e.  co(g,u) >~co(g',u) for all u ~ U. 

Global comparison: Fitness (phenotypic) ranges 

R(co(g," )) a r e  c o m p a r e d ,  g is  global ly  s u p e r i o r  to g '  

if min  R(co(g, - )) >/max R ( c o ( g ' , -  ) ) ,  i . e .  the s m a l l e s t  

f i tness  value  of g in U is  g r e a t e r  than o r  equal to the 

g r e a t e s t  one of g ' .  

E x a m p l e s  of t he se  kinds of s u p e r i o r i t y  can  be taken 

f rom F ig .  1, where  g l  is  s u p e r i o r  to g2 with r e s p e c t  to 

f i tness  no rm,  and g l  is g lobal ly  s u p e r i o r  to g3" 

As a ru l e ,  s ing le  c o m p a r i s o n s  (bes ides  gene t ic  

dr i f t ,  m ig ra t i on ,  e tc .  ) s e r v e  to expla in  the f o r m a -  

t ion of loca l ly  d i f f e ren t i a t ed  subpopula t ions ,  and of 

gene t ic  c l i ne s  along env i ronmen ta l  pathways,  s i nce  

d i f ferent  genotypes  might  be f avoured  within d i f f e r -  

ent env i ronmen ta l  s i tua t ions .  

On the o the r  hand, cons ide r ing  a s ing le ,  non - sub -  

divided populat ion,  the f i tness  of a genotype is  made  

up of the f i tness  va lues  of all indiv iduals  in the popu-  

la t ion  having this  genotype and the p ropor t ions  a c -  

co rd ing  to which they a r e  exposed  to the e n v i r o n m e n -  

tal s i tua t ions  cons t i tu t ing  the env i ronmen t  of the pop-  

u la t ion;  consequen t ly ,  the f i tness  of  the genotype is  

equal  to the mean  o v e r  all t he se  ind iv idua ls .  This in 

tu rn  r e q u i r e s  account ing fo r  the p robab i l i ty  m e a s u r e  

o v e r  G x U, o r  in o the r  words ,  the joint  d i s t r ibu t ion  

of genotypes  and env i ronmen ta l  s i tua t ions  for  the pop-  

u la t ion.  Thus the f i tness  of a genotype is g iven  by 

E(colg) ,  and populat ion spec i f i c  s u p e r i o r i t y  of one 

genotype o v e r  another  has  to be eva lua ted  with r e s -  

pect  to th is  condi t ional  expec ta t ion  of the f i tness  no rm 

co(g, �9 ).  Applying e l e m e n t a r y  p r o p e r t i e s  of the e x p e c -  

ta t ion function,  the i n t r i n s i c  s ign i f i cance  of no rm de-  

pendent and global s u p e r i o r i t y  fo r  the populat ion s p e -  

c i f ic  s u p e r i o r i t y  of genotypes  shows up i m m e d i a t e l y .  

If two groups  of individuals  having genotype g and g ' ,  

r e s p e c t i v e l y ,  a r e  d i s t r ibu ted  o v e r  the env i ronmen t  in 

l ike  m a n n e r  ( i . e .  if the condi t ional  p r o b a b i l i t y - d i s t r i -  

butions P ( . . .  Ig) and P ( . . .  ] g ' )  a r e  i d e n t i c a l ) ,  then 
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norm dependent supe r io r i ty  of g ove r  g '  impl ies  pop- 

ulat ion speci f ic  supe r io r i t y  of g over  g ' ,  that  is ,  

v ( g , . )  > / ~ ( g ' , - )  impl ies  E ( $ i g )  > ~ E ( ~ I g ' ) ,  an impl i -  

cat ion which, of c ou r se ,  need not hold in the case  of 

non-ident ical  conditional d is t r ibut ions .  In pa r t i cu la r ,  

s tochas t ic  independence between genotypes and en-  

v i ronment  always guarantees identity of P(... I g) and 

P( �9 -. I g' )- On the other hand, irrespective of the 

underlying conditional distributions, global superiority 

ofg over g' (i.e. minit(~o(g,-)) >i maxit(~0(g',-))) 

ensures population specific superiority of g over g' 

Therefore, it should be emphasized that, in general, 

functional and stochastic (statistical) superiority in 

fitness should not be confused. 

Appendix 

In favour  of brevi ty ,  we use the symbols  A ~ B ( r ead :  

A impl ies  B) and A r B ( r ead :  A is equivalent  to B) .  

Since we cons ide r  a mul t ipl icat ive  model  ~* for  

genotype • envi ronment  in te rac t ion ,  the following i m -  

pl icat ions  a re  meaningful :  

E R(~ +) ~ [ ~ ( g , u )  = O ~ 0 ( g , - )  =0 or  ~ ( . , u )  - 0 ] ;  

e (g ,  �9 ) =0 for  example,  means  ~(g ,u )  = 0 for  all uE U. 

Define: Go:=  t g l g E G  and ~ ( g , - ) ~ O } ,  Uo:= {uluEU 

and ~(- ,u) /~o}, 
Clea r ly ,  r ~) andgoE Go~cp(go,U)7$0 for  all uE Uo; 

s im i l a r l y ,  r I t (~ +) anduoE U o ~ ( g ,  U o ) / 0  for  all 

gEG o. F u r t h e r m o r e ,  to avoid t r iv ia l i ty  a s s u m e  r 

Then 

r = ( a )  if UoEUo, then for  all ( g ,u )  E GoXU 

q~(g,u)/q~(g,u) is functionally dependent 

on u only;  

(b) if goEGo ,  then for  all ( g ,u )  E G x U ~ 

~(g ,u ) /q : (go ,U)  is functionally dependent 

on g only.  

To inver t  these  impl ica t ions ,  a s sume  the r igh t -hand  

s ides  to be t rue ;  consequent ly ,  using (a)  fo r  example,  

allows us to put 

~(g ,u) /~0(g ,u  o) =: ~(u) for  ( g , u ) E G o •  (thus e ( u ) = 0  

for  u ~ U  o) and 

r o) =: 7(g) for  all gEG (thus 7(g) =0 for  g ~ G o ) ,  

which impl ies  r = 7(g)  - r  fo r  all ( g , u )  EG XU. 

Because  of this ,  we a r e  al lowed to s ta te  for  ~ 0 :  

Condit ion (aX). ~ER(~*)  r  o r  

r u) --0] and if UoE U o, then for  all 

(g ,u )  EGo•  v ( g , u ) / ~ ( g , u  o) is 

functionally dependent on u only.  

Condit ion (b*) .  ~ E i t ( ~ * ) c ~ [ $ ( g , u )  = O = ~ ( g , - ) = - 0 o r  

~(- ,  u) -=0] and if go E G o, then for  all 

( g ,u )  E G •  ~ ( g , u ) / ~ ( g o , U )  is 

functionally dependent on g only.  

The author is indebted to the m e m b e r s  of the inst i tute 

he is working at fo r  numerous  fruitful d i scuss ions .  

L i te ra tu re  

Cava l l i -S forza ,  L.L. : The ro le  of p las t ic i ty  in biolo-  
gical and cul tura l  evolution.  Ann. N.Y.  Acad.  Sci.  
231, 43-59 (1974) 

Fe ldman,  M.W. I Lewontin, I t . C .  : The her i tabi l i ty  
hang-up.  Science 190, 1163-1168 (1975) 

Jense, n, A. It.  : How much can  we boost IQ and scho l -  
ast ic  achievement?  Ha rva rd  Educ.  I tev.  3..99, 1-123 
(1969) 

Lewontin, I t .C .  : Race  and inte l l igence.  Bull.  At. Sci. 
2.~6 (2), 2-8 (1970) 

Lewontin, It.  C. : The analys is  of va r i ance  and the 
ana lys is  of causes .  Am.  J .  Hum. Genet.  2_66, 400- 
411 (1974) 

Mather ,  K. : Genotype • envi ronment  in te rac t ions .  
II. Some genet ical  cons ide ra t ions .  Heredi ty  35, 
31-53 (1975) 

Mather ,  K. ; J inks ,  J . L .  : B iomet r i ca l  gene t ics .  Lon- 
don: Chapman and Hall 1971 

Waddington, C . H .  : A ca t a s t rophe  theory  of evolution. 
Ann. N.Y.  Acad.  Sci.  23__~1, 32-42 (1974) 

I t ece ived  August  12, 1976 
Commun ica t ed  by H. Stubbe 

Dr .  H . - B .  Gregor ius  
Lehrstuhl ffir Fo r s tgene t ik  and 
Fors tpf lanzenzf ichtung tier 
Universit~it GSttingen 
Bfisgenweg 2 
D-3400 Gbt t ingen-Weende 


